Section One: MATHEMATICS 3CD
Calculator — free Semester 1, 2012

Section One: Calculator — free (50 marks)

This section has six (6) questions. Answer all questions. Write your answers in the spaces
provided.

Working time: 50 minutes

Question 1 (7 marks)
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Question 2

(a)
provided.

o

(b)

Differentiate the following with respect to x.

0 =

. (express in simplest form)
x +1

£ Oy = —J(QCZ«H)—- 2oc(~x)

(x2+1)%
- —x? o+ 2x’®
(xF+1)*
x * -
(*41) ™

()  gx)=(x+D%"  (do not simplify)

(2 marks)

Sketch the graph of the derivative function (for the function shown) on the axes

(2)

chapﬁ’ v
ol pelond or-axid
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2 2 2
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Question 2 (continued)

(c) Given the derivative function, sketch the graph of the function on the axes provided.
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Question 3 (12 marks)
Consider the curve y =x* —2x* —4x+3
(a) It is claimed that the tangent to the curve at the point where x = 1 passes through the
point (3, 8). Is this claim valid? Justify your answer. 4)
gl- 3xt-ux —w o
— 1
= t = 5 “)/
at *=l y g
ﬂ = "5}{ -+ .
Subst (f) -2)
- 2 - —5(!)"!“(_
¢ =3
j . _—5x +32
Subst x = 3
\%:—!S'f'g:”fg +8 * v
ClGromn 707 v feol
(b} Determine the value of x for which y is a maximum. {4)
rlax when 3x P 4xX -4 =0
(3x+2)x - 2) =2
x = ":23-,— o e T S v
Y" o= b - = v
_ -2 "z - ax
'f *F 03 J S v Fes?s
Lot
}F JC = & 3 TS0 Py 1 peats

|
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Question 3 (continued)

(c)  Solve the following system of equations. 4)
x—2y+d4z=2 0
2x+y+3z=-1 &
—x—-y=2z=1 @

- - 5z = 5 &
2x (D @ 534‘" @ -
i ®» o~y *oE 7
“3y +22=2 @
QO + @ J ~
2y 1222 @
2x & =
_ =0
®-® Y
LYy = v
SubsH y=o inte (&) \
2 =1 Ve
J’ug_‘:\\g." d:o) ?"'i J/?'JJZ) /‘3
__x—-—?‘"@
x:‘“"z- \\/V
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Question 4 (10 marks)

(a) Determine ¢ given that the graph of f(x)=cx’ +x~> has a point of inflection at

(3)

L r).
/ : -3
£ ‘o) = JSACH —2X ~
~
JM()C) = Q’)C — éx v
&
joet Ko+ Fuw T°
when xo= | 2¢+6=C /
c= - 3



Section One: MATHEMATICS 3CD
Calculator — free Semester 1, 2012

Question 4 (continued)

{b) The functions f(x) and g(x)are defined as follows

f(x)=x*-dand g(x)=vx-5

(i) Determine the simplified expressions for f[g(x)] and g[ f(x)]. (3)
F(g)) = (x5 ) -4 v

g =5 -
- % -9

9 (Fex = JxE 5 -5

- JxTmy v

(i) ~ Determine the range of f[g(x)]. (2)
foxy
@ )
P po‘fjf‘ g J o
go| 7 -
z5 % 20

(i) ~ Determine the domain of g[ f(x)]. ()
90x)
25|
20
Fex) |

domain c-3 w e I,
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Question 5 (7 marks)

(2)  Determine  [(1+3x”)(x—2)dx (3)

:.J'(Bx'g—-éx?'*a"— -2) o v

) éj?j - 257 = 2T x4 7
& el
(b)  Determine j4x3(3x4 —5) dx 2
_ 3 RN fexy= 3" -5
- éj’zx (33{“ S) clx v Flese) = 127

g
= é(ax‘“S) e

&
- ‘-}_“ [y 8
( 3 ) tc v
A
() Determine  [12xe” dx @)
r x ! - 2
= 6%23{,@ o e 7[()(_)7%
,Jf/()(_) z 2L
.
= b {‘_’.)L + C v
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Question 6 (5 marks)
f(x) is defined such that _[_63f(x) dx =24 and jf(x) dx =36
@  Find ’
0 [roaxe = au - 36 (1)
2
iy  [(4f(2)+3)dx (3)
=3 ) 2
jus tn) el + f(3>6’§3t
-2 -3

(b) Sketch a possible graph of y=f(x) for -3 <x<6. Your graph should display the
relative areas of important regions but you do not need to draw this graph to scale.

(1)

11
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Section Two: Calculator — assumed (100 marks)

This section has ten (10) questions. Answer all questions. Write your answers in the spaces
provided.

Working time: 100 minutes

Question 7 (7 marks)

The graph of g'(x) is given below.

-105

{a) What can be said about the gradient of the function g(x) betweenx=-3tox =17

(1)

POSI e v
(b When does the function, g(x)have a negative gradient? (2)
< £
< x< 3 . ( b )
(c) State an equation for the tangent to the graph of g(x)atx =3. 4h)

\9{:)&} s o consTant
v’

(d) Find the value of x at which g(x) has a relative maximum for -3<x<4 (1)

xXo= v

{e) Find the x-coordinate of each point of inflection of the graph of g(x)for -3<x<4
x = —I-5 v (2)
x = Z v
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Question 8 (12 marks)
(@)  Events A and B are such P(A) = %— P(B) :112 and P(AU B) :%
Show that events A and 8 are not mutually exclusive. 3)
p(AVE)= 2
P AR = pla)+o(8)~PCALE)
= FO”L T - %— -
= < v
70 onoT nautwally exo’luS!v"*‘f- v

~7

(b) A toy robot has 3 main components (X, Y and Z) which are manufactured separately

and then assembled together. Previous random testing of components has shown
that:

P (X defective) = 0.002, P (Y defective) =0.015, P (Z defective) = 0.003
If a toy robot is selected at random, what is the probability that:
(i) only component Y is defective, {2)

0. 998 x 0 OISXRO 99 F v
= U0t 92509

(i) at least one of its components are defective. (2)

/= rone defective

= /- 0. .99¢ < ¢.9ESA 0997
v
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Question 8 (continued)

(c) If X and Y are independent events and P ( X} = 0.75 and P(Xw Y) = 0.875, find

(M P(Y)
1~ ma/e/)éno/éné AP e
Alx ) PCY)=rP(AN ¥ )
0-75 p(v) =€ (x0Y)

plx vy) =PCx) + P(y ) -P(xn v )

(3)

v
o- €75 = ;-5 - P(\/) - 0‘75’9(\/)

0126 =0-25 P(Y)
/9(‘7) 20’5 v

@ P(Y[X) =o0-5 v

(@i  PX]Y") o 15 v

i
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Question 9 (12 marks)

(@)

It takes 12 hours to drain a storage tank by opening the valve at the bottom. The
depth, y, of fluid in the tank ¢ hours after the valve is opened is given by

2
t
=6|1-— | metres.
’ ( 12)

(iy Find the rate % m/hour at which the tank is draining at time, ¢. 2)
oy (- %) N
—= = 2 (/-7 12
ol €
L
£y
= -

(i) When is the fluid in the tank falling fastest and slowest?

What are the values of % at these times? (3)
O=4£ <12
+
-— — ; = O
iz -
= = )2 I PFY LA S slo vres
P
\/ .«mﬂm/ﬁ(f =0 /
i

—7[5(5 Fes 4+

06' 6 :”0 _f_éi Jengp— E /
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Question 9 (continued)

(c) If y=/kx* for some constant k, use the incremental formula to establish the
percentage increase in x required to yield a 15% increase in y. (3)

Sy =99 ¢,
J a/xg

015 = Bkx*§x
o 15 hxt = 3kx®Ex

5 ' c;f v
OA c//?C//?je . X {/C”G}*/.(,Jf/c”

(d) A company sells goods such that its revenue, in dollars, from selling x items is given
by the equation,
R(x) = 5x(20x — x*)
= JOOx* ~ 5

(i) Determine the marginal revenue when x = 10. (@)
£ lcx) = 200x-15%x "
R'(10) = 500
maijma/ reveaue 18 LS5O0
(i) What does marginal revenue represent? (2)

+h
The, revernue [Dr +he 177 jteomw v

g aj‘ij/OK/f/}ineg’\}, fs500 -

p—
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Question 10 (7 marks)

The Australian Kayak team must select 4 elite rowers from 14 possible contenders to be the
new ‘Awesome Foursome’.

{a) How many different selections are possible? M

(’:)/ = (00!

Mike is the singles kayak champion and Geoff is the runner up champion.

(b) What is the probability that of the 4 rowers chosen at random:

() Mike is included? (1)
(') P . 285 5.2857
} OO

!i)

(i) Mike and Geoff are included? {1
2 1.
(=), = L5 g 0es9
o e
'3
(iii) Mike or Geoff is selected? (2)
v
2%6 , 286 . 66 . 2°2° _ . 5055
==l too oo 100
O£
1z
! — “@_—- = 05055
'z

(¢} If Mike is selected for the Kayak team, what is the probability that Geoff is also

selected? (2)
L6
joo o= 25 - plazon.
278 286
oo /
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Question 11 (12 marks)
(a) The function f(x) is differentiable for all x ¢ R and satisfies the conditions

f(x) <0 wherex <2

fi(x} =0wherex=2

fix)=0wherex=4

f(x) > 0Owhere 2<x <4

fix) > 0where x > 4

0] Draw a sketch of this function f{x). (3)

shape
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Question 11 (continued})

(b) The curve y=e®* and y =™ intersect at the point (0, 1) as shown in the diagram.

Y

F 3

™ 2. o

3

Find the area enclosed by the curves and the line x=2.

Leave your answer in terms of e. (4)
2,
f(ezx— e )
)
v v z
= 2x - X
L7 - (-<)]
= o
= -2 + + s)
el L et (3
2.
= et - -—1——1 - 2 v

10
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Question 11 (continued)

(¢) State the resulting equation when the graph of y = e undergoes the following
transformations in succession: (3)

° horizontal dilation of factor %

reflection about the y-axis
vertical translation 5 units in the direction of the negative y-axis
horizontal translation 3 units in the direction of the positive x-axis
vertical dilation of factor 2

3¢ v

VA

j o -3 o
\‘j ] 8»3}1_ 5 >
_— -3(= -3) = e

1

Cc

- -2
_o(c 2(x )” 5) >

“a(x-2)

N«
!

2e o

(&

(d)  The point (3, 0.5¢*) lies on the curve of y = 0.5*" . Identify the subsequent location
of this point if the transformations listed below are applied in successton. 2)

reflection about the x-axis
horizontal translation 7 units in the direction of the negative x-axis

vertical translation 3 units in the direction of the positive y-axis
reflection about the y-axis

(2, —0-5e%)

(-4, -0 5e%)

( -+, -0 Se43)
('%J—O-Be%—%%)
v v

11
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Question 12 (9 marks)

Research has been conducted to determine the benefits of a flu vaccine before winter for
adults over 65. The following information has been obtained:

60% of the target population (i.e. adults over 65) had the flu vaccine and of these 22%
actually developed the flu, 3% developed a chest infection and the remainder had no flu-like
symptoms over the winter.

Of those who did not have the flu vaccine 12% developed a chest infection.

The proportion of those studied who did not have the vaccine and had no flu-like symptoms
over the winter was 0.096.

14% of all those who developed a chest infection also got pneumonia.

(Note that in this same sample no one developed both the flu and a chest infection)

(a) Draw a tree diagram to represent the above information. (4)

/?/ i
xe <
< o.56 F e
0@ o

Q{}Q

(b} For a randomly chosen person from this study determine the probability that:

(i) the person developed the flu if they did not have the flu vaccine. {1)
o6t
(i) the person had the flu vaccine and developed pneumonia. (1)
v

O 6x0 03x 0 1~ O 00252

(iii} the person had the vaccine if they developed pneumonia. (3)

O o252 v

(00252 + @-tx O (2x O T
ol

02727

Y

12
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Question 13 (12 marks)
Consider the letters of the word POLICE.
How many arrangements are there of these 6 letters (without repetition} if
(a) each arrangement must end with a vowel? (1)
S % 3 212 V= 360
&l x 2
(b) the vowels in each arrangement must be together? @)

O!f”:)]))l_} <

v
{c) the vowels must be separated by the consonants (ie 2 vowels must not be together)?

vV ¢ VvV C VvV (2)

2t x 3 x 2 = F2
e v

Now suppose that 4 letters are chosen from this word and that the order of selection is
unimportant.

(d) How many different 4 letter groups are possible if

)] there is no restriction? (1)
(5)= 15
v
(ii) there must be at least one vowel? (2)
(IN3D+(3(3)+(3X7) ~
= |5
(e) Determine the probability that in the four letter selection that is made, whenever O
appears, E also appears. (4)
S5 o¢ 2
(YY) + (XD (X3 7
(2) -
S}
15

13
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Question 14 (11 marks})

{a) A dressmaker wishes to cut a section of cloth from a piece of material measuring 2
metres by one metre. The curved edges of the piece of cloth to be removed are
defined as being between the following equations:

y; =0.5x andy, = x* - 3.1x% + 2.7x

y
2__
Area to be removed
I e T T S ( =y J)
: v’
(o ss)
! I :{
-1 (¢,2) 1 2 X
-1+
(i) Label the 3 points of intersection with co-ordinates. (1)
(i) Write an integral that would give the area of region bound by the two
functions. (2}
£ F >
Az (3= 3%+ 2. Fox =053 Jelo v ipe
2 of
’ T(osx ~ (xrmzamzsa-F) )b &7
{1
(ii) Calculate the area of the cloth removed, correct 10 2 decimal places. (2)
A= 0‘5/{“1 ﬂé ‘“é wnt s

14
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Question 14 (continued)

(b)

A group of anthropologists found that human tooth size is continuing to decrease,

such that —dT =£kS . In Northern Europeans, for example, tooth size reduction now
has a rate of 1% per 1000 years.
(i)

If t represents time in years and S represents tooth size, find the value of k,
rounded to 8 decimal places.

(2)
et
= 35
S ° & 1ooo ke,
0'96?50 = 5‘06 v
ko = -0 o000/ 0O 25 -

(if)

In how many years will human tooth size be 90% of their present size?

(2)
e oo ivos
0-9 = € v
L= JO 4&3 3 years
(ﬁ . ;o w836 usiny B )
{iii) What will be our descendant's tooth size 20 000 years from now? (2)
(as a percentage of our present tooth size)

L0 00000 0S X 20 00
S=See

e
o 8119

= 819

15
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Question 15 (8 marks)
(a) For the function y = f(x) below

¥

4+

it is known that

]'lf(x)dx=—75

2

[ £(x) dx=20

-3

The area between the curve and the x-axis from x=-1 to x=2 is 80 square units.

Use the information above and mathematical reasoning to determine the value of each of the
following.

[}
(i) [ £x) G-A= 20 @)
- A+ B =80
- 30
o A = 30
FCa— SO
(ii) the area between the curve and the x -axis from x=-3 to x=0 (1}

15+20 = 105

16
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Question 15 (continued)

iy [ fQx)dx (1)
- —75-30+50
. - 55 -

{b) The graph of a function f(x) consists of a semi- circle and two line segments as
shown.

4
Find the exact value of | f(x) dx (3)

-3

f3: 2)(2.7"\['_'[
v

17



Section Two MATHEMATICS 3CD
Calcutator — assumed Semester 1, 2012

Question 16 (10 marks)

A piece of wire 8cm long is cut into two unequal parts. One part is used to form a rectangle
that has a length three times its width. The other part of the wire is used to form a square.

(a) If the width of the rectangle is x units, show that the equation that will give the sum of
the areas of the rectangle and the square in terms of x is: (5)

A=7x*—-8x+4

3e
~
. = 8""83{ -
©. I;c, = $x L J%é,{ans
3 g0 . g0 '}
n L

A = 3Bocloe) + (2-—-2:‘?@)“%
= 3x2 4 4 - Gx 4 ux’

g

7x? g u as requured

(b) Using Calculus, find the length of each part of the wire when the sum of the areas is
a minimum. (5)
d A
—— - Jux -8&
ol x ~
[l & = ©

§ :
0{’4:/470,'.»%!/\/“
o™
. 32 P
— v
fength of v for rectaly’e T3
Sima"e— 2Y e

18



